Abstract. We prove that the Gauss curvature and the curvature of the normal connection of any minimal surface in the four dimensional Euclidean space satisfy an inequality, which generates two classes of minimal surfaces: minimal surfaces of general type and minimal super-conformal surfaces. We prove a Bonnet-type theorem for strongly regular minimal surfaces of general type in terms of their invariants. We introduce canonical parameters on strongly regular minimal surfaces of general type and prove that any such a surface is determined up to a motion by two invariant functions satisfying a system of two natural partial differential equations. On any minimal surface of the basic class of non strongly regular minimal surfaces we define canonical parameters and prove that any such a surface is determined up to a motion by two invariant functions of one variable satisfying a system of two natural ordinary differential equations. We find a geometric description of this class of non strongly regular minimal surfaces.
Introduction
In [2] it is proved that any strongly regular Weingarten surface in Euclidean space R 3 admits geometrically determined parameters, which are an analogue of the natural parameter in the theory of the smooth curves in R 3 . As a corollary of this fact it follows that any such a surface is determined uniquely up to a motion by its normal curvature function satisfying the corresponding natural partial differential equation.
In this paper we study minimal surfaces in the four dimensional Euclidean space R 4 . As usual, the notion of a minimal surface means a regular surface with zero mean curvature vector. At any point of a regular surface M 2 in R 4 in [3] we introduced two invariants k and κ. In terms of these invariants minimal surfaces are characterized by the equality
The function κ is the curvature of the normal connection of M 2 . Denoting by K the Gauss curvature of M 2 , in Section 3 we prove that on any minimal surface the following inequality holds
This inequality generates two classes of minimal surfaces:
• the class of minimal super-conformal surfaces characterized by K 2 − κ 2 = 0; • the class of minimal surfaces of general type characterized by K 2 − κ 2 > 0.
In this paper we study the class of minimal surfaces of general type. In Section 4 we introduce semi-canonical parameters and canonical lines on any minimal surface of general type, which play the same role as the principal parameters and the lines of curvature in the theory of surfaces in R 3 .
In Section 5 we denote by γ 1 and γ 2 the geodesic curvatures of the canonical lines on a minimal surface M 2 of general type, and define strongly regular minimal surfaces of general type by the inequality γ 1 γ 2 = 0. Further we prove the fundamental theorem of Bonnet-type (Theorem 5.1) for strongly regular minimal surfaces of general type in terms of four invariant functions.
Next we define canonical parameters and prove (Theorem 6.3) that any strongly regular minimal surface of general type admits such parameters. The fundamental theorem (Theorem 6.4) in canonical parameters states as follows:
Any two solutions µ(u, v) and ν(u, v) to the system of natural partial differential equations 1 4
determine a unique (up to a motion) strongly regular minimal surface of general type with invariants µ and ν. Furthermore (u, v) are canonical parameters. In Section 7 we consider non strongly regular minimal surfaces of general type. The basic class of these surfaces is determined by the condition γ 1 = 0 , i.e. one of the families of canonical lines consists of geodesics.
We introduce canonical parameters and prove (Theorem 7.3) that any minimal surface of general type satisfying the condition γ 1 = 0 admits canonical parameters. The fundamental theorem (Theorem 7.4) for these surfaces in canonical parameters states as follows:
Any two solutions µ(u) and ν(u) to the system of natural ordinary differential equations
determine a unique (up to a motion) non strongly regular surface (γ 1 = 0) with invariants µ and ν.
We give a geometric description of non strongly regular minimal surfaces of general type (with γ 1 = 0) in Proposition 7.5.
Preliminaries
We denote by g the standard metric in the four-dimensional Euclidean space R 4 and by ∇ ′ its flat Levi-Civita connection. All considerations in the present paper are local and all functions, curves, surfaces, tensor fields etc. are assumed to be of the class In [3] we found invariants of a surface M 2 in R 4 , defining a geometrically determined linear map in the tangent space of the surface. We introduce the functions 
Further we denote
and consider the linear map γ :
The linear map γ of Weingarten type at the point p ∈ M 2 is invariant up to a sign and the functions
The invariants k and κ divide the points of M 2 into four types: flat, elliptic, parabolic and hyperbolic. The surfaces consisting of flat points satisfy the conditions
or equivalently
They are either planar surfaces (there exists a hyperplane R 3 ⊂ R 4 containing M 2 ) or developable ruled surfaces [3] .
Any surface M 2 in R 4 satisfies the following inequality:
The minimal surfaces in R 4 are characterized by √ E , y = z v √ G } is an orthonormal tangent frame field, i.e. F = 0. Let {e 1 , e 2 } be a normal frame field of M 2 , such that {x, y, e 1 , e 2 } is a positive oriented orthonormal frame field in R 4 . Since M 2 is minimal, then σ(x, x) + σ(y, y) = 0. So with respect to the frame field {x, y, e 1 , e 2 } the derivative formulas of M 2 get the form:
where
In case L = M = N = 0 the surface M 2 consists only of flat points and is contained in 3-dimensional space R 3 , i.e. M 2 is a minimal surface in R 3 . We shall consider only the nontrivial case (L, M, N) = (0, 0, 0). So, we assume that ad − bc = 0. The derivative formulas (3.1) imply that the invariants k and κ of M 2 are expressed as follows:
According to the Gauss equation the Gauss curvature K of M 2 is expressed by K = g(σ(x, x), σ(y, y)) − g(σ(x, y), σ(x, y)), and hence
Remark: Obviously, the Gauss curvature of each minimal surface M 2 in R 4 is non-positive. The inequality K ≤ 0 for a minimal surface M 2 in R 4 also follows from the inequality [7] 
Proof: From (3.2) and (3.3) we get that
which implies the inequality
Obviously, K 2 − κ 2 = 0 if and only if
which is equivalent to the condition that the ellipse of curvature is a circle. Hence, the class of minimal surfaces, characterized by the condition K 2 − κ 2 = 0, is the class of minimal super-conformal surfaces.
We shall consider the class of minimal surfaces satisfying the condition K 2 − κ 2 > 0, and we shall call them minimal surfaces of general type.
2 generated by a unit vector x is said to be canonical if it is collinear with an axis of the ellipse of curvature at p.
We shall find a local orthonormal tangent frame field {x, y}, defined in D 0 ⊂ D ((u 0 , v 0 ) ∈ D 0 ), such that x and y are canonical tangents, i.e. σ(x, x) ⊥ σ(x, y), or equivalently a c+b d = 0.
If {x, y} is an orthonormal tangent frame field, such that
then the corresponding functions a, b, c, d are expressed as follows:
Hence,
Hence, in D 0 we can change the tangent frame field {x, y} with {x, y},
we can change the tangent frame field {x, y} with {x, y}, where tan 4ϕ
e. x and y are canonical tangents.
The canonical tangents are uniquely determined at any point of a minimal surface of general type.
So, we can find a local orthonormal normal frame field {n 1 , n 2 }, such that {x, y, n 1 , n 2 } is a positive oriented orthonormal frame field and the derivative formulas of M 2 are as follows:
where µ > 0, ν = 0, and µ 2 = ν 2 . The invariants k, κ and the Gauss curvature K of M 2 are expressed as follows:
Consequently, on a minimal surface of general type M 2 in R 4 there exists locally a geometric frame field {x, y, n 1 , n 2 } of M 2 , such that the Frenet type derivative formulas (3.4) hold.
We shall use the following terminology:
The integral lines of the canonical tangent vector fields x and y are said to be the canonical lines; any parameters (u, v) of M 2 generating canonical parametric lines are said to be semicanonical parameters.
It is clear that semi-canonical parameters are determined up to changes:
The functions ν, µ, γ 1 , γ 2 , β 1 , β 2 in the Frenet type formulas (3.4) are invariants of the surface M 2 . The invariants ν and µ are determined by the canonical tangents x and y as follows:
The functions ν 2 and µ 2 are expressed by the Gauss curvature K and the invariant κ in the following way:
Hence, there are two classes of minimal surfaces of general type: the class of those ones for which µ 2 − ν 2 > 0 (equivalently σ 2 (x, y) > σ 2 (x, x)), and the class of those ones for which
Taking into account (3.4), the Gauss and Codazzi equations imply the following equalities for a minimal surface M 2 of general type:
From (3.5) and νµ = 0, it follows that γ
In [3] we proved that the inavariant κ of a non-minimal surface is equal to the curvature of its normal connection. Next we prove that the same result is also true for minimal surfaces. 
Taking in mind (3.5) and (3.6) we get:
If M 2 is a minimal super-conformal surface, the formula (3.7) can be derived in a similar way.
The function g(R ⊥ (x, y)n 2 , n 1 ) is the curvature of the normal connection of M 2 . Hence, the invariant κ of a minimal surface M 2 is equal to the curvature of the normal connection of the surface.
Geometric characterization of the canonical tangents
be a minimal surface of general type, parameterized by semi-canonical parameters. We shall give a geometric characterization of the canonical tangents in terms of the geodesic curves, determined by these tangents. Proof: Suppose that c : u = u(s), v = v(s), s ∈ J (J ⊂ R) is a curve on M 2 , parameterized by the arc-length. Then the tangent vector t of c is expressed as follows:
and hence
From equalities (3.4) we get (4.2)
where Γ k ij are the Christoffel's symbols. So, equalities (4.1) and (4.2) imply that
If in addition c is a geodesic curve on M 2 , i.e.
I. Now let us denote by c 1 the geodesic curve tangent to the canonical direction z u . Then its tangent vector is
Hence, from (4.3) we obtain t ′ c 1 = ν n 1 . Analogously, if c 2 is the geodesic curve tangent to the canonical direction z v , then its tangent vector t c 2 satisfies
Consequently, the principal normals of the geodesic curves c 1 and c 2 are collinear to the geometric normal vector field n 1 .
II. Now let c be a geodesic curve on M 2 with tangent vector t = u ′ z u + v ′ z v , such that t ′ is collinear to the geometric normal vector field n 1 . Since µ √ EG = 0, then from (4.3) it follows that u ′ v ′ = 0, i.e. u = const or v = const. Hence, the tangent to the geodesic curve c at the point p is canonical.
So, for each minimal surface of general type there exists a geometric normal vector field n 1 , which is geometrically determined by the condition that it is collinear with the principal normals of the geodesic curves tangent to the canonical tangents.
Strongly regular minimal surfaces of general type
Let M 2 be a minimal surface of general type in R 4 , parameterized by semi-canonical parameters. Then the equalities (3.5) hold. Using that x = z u √ E , y = z v √ G , we can rewrite (3.5) in the following way:
So, if γ 1 = 0 and γ 2 = 0, then from (5.1) we obtain
Following the scheme in [2] we give the following definition: A minimal surface of general type is said to be strongly regular if γ 1 γ 2 = 0.
We shall prove the fundamental theorem of Bonnet type for strongly regular minimal surfaces of general type: 
where Proof: We consider the following system of partial differential equations for the unknown vector functions x = x(u, v), y = y(u, v), n 1 = n 1 (u, v), n 2 = n 2 (u, v) in R 4 :
( 5.3)
We denote
Then the system (5.3) can be rewritten in the matrix-form:
The integrability conditions of (5.4) are
where a j i and b j i are the elements of the matrices A and B. Using (5.2) we obtain that the equalities (5.5) are fulfilled. Hence, there exists a subset D 1 ⊂ D and unique vector functions
, which satisfy the system (5.3) and the conditions
We shall prove that {x(u, v), y(u, v), n 1 (u, v), n 2 (u, v)} is a positive oriented orthonormal frame field for each (u, v) ∈ D 1 . Let us consider the following functions:
, we obtain the system (5.6) 
Canonical parameters on strongly regular minimal surfaces of general type
Let M 2 be a strongly regular minimal surface of general type parameterized by semicanonical parameters. In this section we shall define canonical parameters on M 2 . 
Proof: From equalities (5.1) we get (6.1)
On the other hand,
which imply that E |µ 2 − ν 2 | does not depend on v, and G |µ 2 − ν 2 | does not depend on u.
The equalities (6.1) imply the following equivalences:
So, the strongly regular minimal surfaces of general type are characterized by the condition
Next we introduce canonical parameters on a strongly regular minimal surface of general type.
Definition 6.2. Let M 2 be a strongly regular minimal surface of general type parameterized by semi-canonical parameters (u, v). The parameters (u, v) are said to be canonical, if Proof: Let M 2 be a strongly regular minimal surface of general type parameterized by semicanonical parameters (u, v). According to Lemma 6.1 it follows that there exist functions ϕ = ϕ(u) > 0 and ψ = ψ(v) > 0, such that
Under the following change of the parameters:
i.e. the parameters (u, v) are canonical.
From now on we consider a strongly regular minimal surface of general type M 2 : z = z(u, v), (u, v) ∈ D, parameterized by canonical parameters, i.e.
Then the functions γ 1 and γ 2 in the derivative formulas of M 2 are expressed as follows:
Using equalities (5.1) we find that
Then the last two equalities of (5.1) take the form:
where ∆ is the Laplace operator.
The invariants µ and ν can be expressed by the Gauss curvature K and the normal curvature κ as follows:
So the equalities (6.2) can be rewritten as
The fundamental Theorem 5.1 in canonical parameters states as follows: 
Then there exists a unique (up to a motion) strongly regular minimal surface of general type
7. Minimal surfaces of general type which are not strongly regular
In this section we consider non strongly regular minimal surfaces of general type, satisfying the condition
Equalities (5.1) under the assumption γ 1 = 0 imply that
Having in mind that γ 1 = −y(ln √ E), and (7.1), we get E v = 0, i.e. E = E(u). From the first two equalities of (7.2) we obtain (µ 2 − ν 2 ) v = 0. The third and the fourth equality of (7.2) imply
Hence, γ 2 = γ 2 (u). Then from the last equality of (7.2) we get that (µ 2 + ν 2 ) v = 0. Consequently, µ = µ(u), ν = ν(u). So, we obtain that β 1 = 0 and β 2 = β 2 (u).
With respect to the geometric frame field {x, y, n 1 , n 2 } the derivative formulas of M 2 look like:
where µ > 0, ν = 0, µ 2 = ν 2 , γ 2 = 0, β 2 = 0.
We shall define canonical parameters on M 2 .
Lemma 7.1. Let M 2 be a minimal surface of general type parameterized by semi-canonical parameters, and satisfying the condition γ 1 = 0. Then the function G |µ 2 − ν 2 | does not depend on u.
Proof: Using that γ 2 = − 1 √ E (ln √ G) u and (7.3) we obtain ∂ ∂u ln G 2 |µ 2 − ν 2 | = 0, which implies that G |µ 2 − ν 2 | does not depend on u.
Definition 7.2. Let M 2 be a minimal surface of general type parameterized by semicanonical parameters (u, v), and satisfying the condition γ 1 = 0. The parameters (u, v) are said to be canonical, if From now on we consider a minimal surface M 2 of general type satisfying the condition γ 1 = 0, parameterized by canonical parameters, i.e.
Then the functions γ 1 , γ 2 , β 1 , β 2 in the derivative formulas (7.4) of M 2 are expressed as follows:
Hence, the last two equalities of (7.2) take the form: 
